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THREE QUESTIONS ON SPECIAL HOMEOMORPHISMS ON
SUBGROUPS OF R AND R∞
RAUSHAN BUZYAKOVA AND JAMES WEST
Abstract. We provide justifications for two questions on special maps on
subgroups of R. We will show that the questions can be treated from dif-
ferent points of view. We also discuss two versions of Anderson’s Involution
Conjecture.
1. Questions
In this note, the authors would like to share some of their observations that
led to three questions that may be of interest to researchers from different
areas of mathematics. In what follows by R we denote the topological additive
group of real numbers endowed with the Eucledian topology. Recall that a
topological group G is a topological space XG with a group operation · such
that both · and the inversion x 7→ x−1 are continuous with respect to the
topology of XG. To avoid too many variables, we will refer to a topological
group under consideration and its underlying topological space by the same
letter. For example, if we a topological group G is in our scope and we introduce
another group operation ⊕ on the underlying space of G, we will write 〈G,⊕〉
instead of 〈XG,⊕〉. Unless specified otherwise, the group operation on a group
under consideration will be denoted by +. In [2], it is established that given a
strictly monotonic bijection f on a σ-compact subgroup G of R it is possible
to introduce another group structure on G compatible with the topology of G
so that the new group is topologically isomorphic to G and has f as a shift.
In fact, the proof in [2] holds not only for σ-compact subgroups but also for
subgroups with a certain strong homogeneity property to be discussed later.
The mentioned result prompts the following question.
Question 1.1. Let G be a subgroup of R and let f : G → G be a strictly
monotonic homeomorphism. Is it true that there exists a binary operation ⊕ on
G such that G′ = 〈G,⊕〉 is topologically isomorphic to G and f is a shift in G′?
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It is not hard to see that the existence of a topologically conscious algebraic
restructuring of G that makes f a shift is equivalent to f being topologically
conjugate (or topologically equivalent ) to a shift in G. Recall that homeo-
morphisms h and f on a space X are topologically conjugate, or topologically
equivalent, if there exists a homeomorphism t on X such that tf = ht. We,
thus, can reformulate Question 1.1 as follows:
Re-formulation of Question 1.1 Let G be a subgroup of R and let f : G →
G be a strictly monotonic homeomorphism. Is it true that f is topologically
conjugate to some shift in G?
Even though a proof of equivalence of Question 1.1 and its version in the
language of conjugate maps is straightforward, we will provide it in Section 2
for completeness.
As shown in [2], the monotonicity requirement cannot be replaced by being
free of periodic points. Since the example in [2] is unnecessary complicated, we
use this opportunity to offer a short and transparent construction justifying the
monotonicity requirement.
Example 1.2. There exists a periodic-point free map on the integers Z that
cannot be a shift in any group structure on Z isomorphic to Z.
Proof. First note that any shift on Z has only finitely many orbits. Let {Zn :
n = 1, 2, ...} be a partition of Z, where each Zn is unbounded both from below
and above. Define fn : Zn → Zn by letting fn(x) = min{y ∈ Zn : y > x}. Next
put f = ∪fn. Clearly, f is a periodic-point free homeomorphism. Since f has
infinitely many orbits {Zn}n, no group structure on Z isomorphic to Z has f as
a shift. In other words, f is not topologically equivalent to any shift of Z. 
We next shift our attention on the inversion x 7→ −x in a subgroup of R.
Recall that f : X → X is an involution if f ◦ f is the identity map on X . An
argument similar to one in [2] can be used to show that given a single fixed-point
involution f on a σ-compact subgroup G of R it is possible to introduce another
group structure on G compatible with the topology of G so that the new group
is topologically isomorphic to G and has f as the inversion. For completeness
purpose we will provide a proof of this fact in Section 3. The argument fails to
reach a desired conclusion for any subgroup of R, and thus, the question is in
order:
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Question 1.3. Let G be a subgroup of R and let f : G → G be a single fixed-
point involution. Is it true that there exists a binary operation ⊕f on G such
that G′ = 〈G,⊕f , 〉 is topologically isomorphic to G and f is taking the additive
inverse in G′?
Re-formulation of Question 1.3 Let G be a subgroup of R and let f : G→ G
be a single fixed-point involution. Is it true that f is conjugate to taking the
additive inverse in G?
The equivalence of Question 1.3 and its re-formulation will be shown in in
Section 2 too. As mentioned earlier, the results leading to the above questions
hold not only for σ-compact subgroups of R but also for all zero-dimensional
subgroups with the property that every two non-empty open sets are homeo-
morphic. As shown in [4], this property need not be present in a dense zero-
dimensional subgroup.
For our third question, let I = [−1, 1], I∞ = Πi≥1Ii, and R
∞ = Π1≥1Ri, For
X = I∞ or R∞, denote elements by x¯ = (x1, x2, . . . ), and let σ(x¯) = −x¯. R.D.
Anderson’s Involution Conjecture for R∞ or I∞ is that all involutions that have
a single fixed point are topologically conjugate with σ.
The initial paper on involutions of I∞ is [9], which proves that the Anderson
Conjecture is true for I∞ if the fixed point of every such involution has a basis
of invariant, contractible neighborhoods. In [10], the second author and Wong
extended this by showing that the Anderson Conjecture is true for I∞ if the
orbit space I∞/α of every involution on I∞ with a single fixed point is an
absolute retract.
In Proposition 1.5 we will show that the R∞-version of the conjecture implies
the I∞-version of the conjecture. Since R∞ is a topological group, a homeomor-
phism f on R∞ is topologically conjugate to σ if and only if there exists a group
operation ⊕ on R∞ such that 〈R∞,⊕〉 is topologically isomorphic to R∞ and
has f as the inversion (Section 2). This alternative point of view on Anderson’s
Conjecture for R∞ may give some extra routes for a positive resolution.
Question 1.4. Is it true that the Anderson Conjecture for I∞ implies the An-
derson Conjecture for R∞?
Proposition 1.5. The Anderson Conjecture for R∞ implies the Anderson Con-
jecture for I∞.
Proof. Let α be an involution of I∞ with a single fixed point. Set X = I∞×R∞
and let τ = α × σ : X → X be the product (diagonal) involution. Define
r : X → I∞ × {0¯} by r(x¯, y¯) = (x¯, 0¯). Then r is an equivariant retraction. By
[7], X is homeomorphic to R∞. It is not difficult to see using the linearity of σ
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that R∞/σ is an absolute retract for metric spaces. By the Anderson Conjecture
for R∞, τ is topologically conjugate with σ, so X/τ is homeomorphic to R∞/σ
and is therefore an absolute retract for metric spaces. Therefore the retraction
r¯ : X/τ → I∞/α induced by r shows that I∞/α is an absolute retract. By
[10], α is topologically conjugate to σ and the Anderson Conjecture is true for
I∞. 
In the next two sections we will provide the promised arguments that back up
our claims. We use standard notations and terminology. For topological basic
facts and terminology one can consult [3]. Since we do not use any intricate
algebraic facts, any abstract algebra textbook is a sufficient reference.
2. Maps Conjugate to Shifts or Inversions
The goal of this section is to show that a homeomorphism f on a group
G is topologically equivalent to the inversion of G (or a shift) if and only if
there exists a group operation ⊕ on G such that G′ = 〈G,⊕〉 is topologically
isomorphic to G and f is the inversion (respectively, a shift) in G′. We will first
achieve our goal for the case of inversions. All statements of this section are of
folklore nature but we present them with proofs for completeness.
In the arguments of this section we will have to juggle several group structures
on the same topological space. To keep track of where we invert, for a given
group G, by mG we denote the operation of taking the inverse.
Lemma 2.1. Let G1 = 〈G,⊕1, 〉 and G2 = 〈G,⊕2, 〉 be topologically isomorphic
groups. Then mG1 and mG2 are topologically equivalent.
Proof. Let us denote by (−i)x the inverse of x in Gi. Let h : G2 → G1 be a
group isomorphism, which is also a homeomorphism. Fix x ∈ G. We need to
show that mG2(x) = h
−1mG1h(x).
Left-hand side: mG2(x) = (−2)x.
Right-hand side: Put h(x) = y. Then mG1h(x) = (−1)y. Now put
h−1((−1)y) = z. We have h(x) = y, h(z) = (−1)y, and h is an iso-
morphism. Therefore, z = (−2)x.
The proof is complete. 
Corollary 2.2. Let G be a topological group and f : G→ G a homeomorphism.
Then f is topologically equivalent to the inversion of G, if there exists a group
operation ⊕ such that G′ = 〈G,⊕〉 is topologically isomorphic to G and f is the
inversion of G′.
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We now need to reverse the statement of Corollary 2.2. For this let us state the
following facts.
Facts. Let G be a group, X a set, and f : X → G a bijection. Then the
following hold.
(1) 〈X,⊕f 〉 is group, where x⊕f y = z if and only of f(x) + f(y) = f(z).
(2) f : 〈X,⊕f 〉 → G is an isomorphism.
Lemma 2.3. Let G be a topological group and let f : G → G be a homeomor-
phism topologically equivalent to mG. Then there exists a binary operation ⊕
on G such that G′ = 〈G,⊕〉 is a topological group topologically isomorphic to G
and f = mG′.
Proof. Fix a homeomorphism h : G→ G such that f = h−1mGh. Put ⊕ = ⊕h,
where ⊕h is as in Fact (1). Since h is a homeomorphism, by Fact (2), the groups
G and G′ are topologically isomorphic by virtue of h. It remains to show that
f = mG′ . Fix x and put y = h(x). Then f(x) = h
−1mGh(x) = h
−1mG(y) =
h−1(−y). Since h is an isomorphism and y = h(x), we have h−1(−y) is the
inverse of x with respect to ⊕, which is mG′(x). Lemma is proved. 
We now summarize Corollary 2.2 and Lemma 2.3 as follows.
Theorem 2.4. A homeomorphism f on a group G is topologically equivalent
to the inversion of G if and only if there exists a group operation ⊕ on G such
that G′ = 〈G,⊕〉 is topologically isomorphic to G and f is the inversion of G′.
We will next show that a version of Theorem 2.4 for shifts holds too.
Lemma 2.5. Let G1 = 〈G,⊕1〉 and G2 = 〈G,⊕2〉 be topologically isomorphic
groups. Let f1 be a non-neutral shift in G1. Then f1 is topologically equivalent
to some non-neutral shift f2 in G2.
Proof. Let c1 be such that f1(x) = x ⊕1 c1 for all x in G1. By hypothesis,
there exists a topological isomorphism h : G2 → G1. Since c1 is not the neutral
element of G1, we conclude that c2 = h
−1(c1) is not the neutral element of G2.
Define f2 by letting f2(x) = x ⊕2 c2 for all x in G2. It suffices to show that
f2(x) = h
−1f1h(x).
Left-hand side: f2(x) = x⊕2 c2.
Right-hand side: Put h(x) = y. Then f1h(x) = y ⊕1 c1. Since h
−1 is an
isomorphism, we obtain h−1(y ⊕1 c1) = h
−1(y)⊕2 h
−1(c1) = x⊕2 c2.
The proof is complete. 
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Corollary 2.6. Let G be a topological group and let f : G → G be a homeo-
morphism. Then f is topologically equivalent to a shift in G if there exists a
group operation ⊕ on G such that G′ = 〈G,⊕〉 is topologically isomorphic to G
and f is a shift in G′.
Lemma 2.7. Let G be a topological group and let f : G → G be a homeomor-
phism topologically equivalent to a non-neutral shift in G. Then there exists a
group operation ⊕ on G such that G′ = 〈G,⊕〉 is a topological group topologically
isomorphic to G and f is a non-neutral shift in G′.
Proof. Fix a homeomorphism h : G→ G and a non-neutral shift g determined
by a non-neutral constant c such that f = h−1gh. Put ⊕ = ⊕h, where ⊕h
is as in Fact (1). Since h is a homeomorphism, by Fact (2), the groups G and
G′ = 〈G,⊕, TG〉 are topologically isomorphic by virtue of h : G
′ → G. It remains
to show that f is the shift determined by d = h−1(c). Fix x and put y = h(x).
Then f(x) = h−1gh(x) = h−1g(y) = h−1(y + c). Since h is an isomorphism and
y = h(x), we have h−1(y + c) is equal to h−1(y) ⊕ h−1(c) = x ⊕ d. Lemma is
proved. 
We now summarize Corollary 2.6 and Lemma 2.7 as follows.
Theorem 2.8. A homeomorphism f on a group G is topologically equivalent
to a non-neutral shift if and only if there exists a group operation ⊕ on G such
that G′ = 〈G,⊕〉 is topologically isomorphic to G and f is a non-neutral shift
in G′.
3. Single Fixed-Point Involutions on Subgroups of R
In this section we modify the argument in [2] to show that given a single
fixed-point involution f on a σ-compact subgroup G of R, one can restructure
the algebra of G without changing the topology so that the resulting group is
topologically isomorphic to G and has f as the inversion. For convenience, we
copy some useful facts from Section 2:
Facts. Let G be a group, X a set, and f : X → G a bijection. Then the
following hold.
(1) 〈X,⊕f 〉 is a group, where x⊕f y = z if and only if f(x) + f(y) = f(z).
(2) f : 〈X,⊕f 〉 → G is an isomorphism.
(3) If G is a topological group, X is a topological space, and f is a homeo-
morphism, then f : 〈X,⊕f 〉 → G is a topological isomorphism.
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Theorem 3.1. Let G be a σ-compact subgroup of R and let f : G → G be a
continuous involution with exactly one fixed point. Then there exists a group
operation ⊕ on G such that G′ = 〈G,⊕〉 is topologically isomorphic to G and f
is the inversion in G′.
Proof. Put A = {a ∈ G : a > f(a)}. Let e be the fixed point of f .
Claim 1. A is open.
Claim 2. f(A) ∩A = ∅.
To prove the claim recall that f is an involution. Therefore, x < f(x) for each
x ∈ f(A). The claim is proved.
Claim 3. G = A ∪ f(A) ∪ {e}.
The statement of the claim follows from the fact that f(x) < x, or f(x) > x, or
f(x) = x. In the first case, x ∈ A. In the second case x ∈ f(A). Since e is the
only fixed point of f , the third case implies that x = e. The claim is proved.
Claim 4. There exists a homeomorphism h : A ∪ {e} → G ∩ [0,∞) such that
f(e) = 0.
To prove the claim we first assume that e is not a limit point of G. Then, G
is a closed discrete countable space and the conclusion is obvious. Assume now
that G = R. Since e is the only fixed point, A = (e,∞) and the conclusion is
obvious. If G is neither discrete nor connected, then G is a zero-dimensional,
σ-discrete, dense in itself subset of R. Therefore, G is homeomorphic to the set
of rational numbers or to the product of the Cantor Set and the set of irrational
numbers ([1] and [8], or [5]). Therefore, any two non-empty subsets of G are
homeomorphic. Hence, there exists a required homeomorphism. The claim is
proved.
Fix h is in Claim 4 and define h˜ : G→ G as follows:
h˜(x) =
{
h(x) x ∈ A ∪ {e}
−h(f(x)) x ∈ f(A)
Claim 5. h˜ is a homeomorphism.
By virtue of Claims 1-3, it suffices to show that h(e) = −h(f(e)). By the choice
of h, we have h(e) = 0. Since f fixes e, we have −h(f(e)) = −h(e) = 0. The
claim is proved.
Put ⊕ = ⊕h˜. Then by Fact (3), G
′ = 〈G,⊕, TG〉 is topologically isomorphic to
G by virtue of h˜.
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Claim 6. f is the operation of taking the inverse in G′. Pick x in G′. We need
to show that f(x) ⊕ x = x ⊕ f(x) = e. Since G is commutative, it suffices to
demonstrate only the rightmost equality. By Claim 3, x is in A, or in f(A) or
is equal to e. Let us consider each case separately.
Case x ∈ A: We have x ⊕ f(x) = x ⊕h˜ f(x) = z, where h˜(x) + h˜(f(x)) =
h˜(z). Since f(x) ∈ f(A), we have h˜(f(x)) = −h˜((f(f(x))). Since f is
an involution, we have h˜(f(x)) = −h˜(x). Therefore, h˜(x) + h˜(f(x)) =
h˜(x)− h˜(x) = 0 = h˜(e). Therefore, z = e and x⊕ f(x) = e.
Case x ∈ f(A): We have x⊕f(x) = x⊕h˜f(x) = z, where h˜(x)+ h˜(f(x)) =
h˜(z). Since x ∈ f(A), we have h˜(x) = −h(f(x)). Since f(x) ∈ A, we
have h˜(f(x)) = h(f(x)). Therefore, h˜(z) = 0, meaning z = e.
Case x = e: Since h(e) = 0. We have h˜(e) + h˜(e) = 0 + 0 = h˜(e). Hence
e⊕ e = e.
The proof is complete. 
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